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BINARY QUADRATIC FORMS AND THE FOURIER COEFFICIENTS OF
CERTAIN WEIGHT 1 ETA-QUOTIENTS
ALEXANDER BERKOVICH AND FRANK PATANE
Abstract. We state and prove an identity which represents the most general eta-products of weight
1 by binary quadratic forms. We discuss the utility of binary quadratic forms in finding a multiplica-
tive completion for certain eta-quotients. We then derive explicit formulas for the Fourier coefficients
of certain eta-quotients of weight 1 and level 47, 71, 135, 648, 1024, and 1872.
1. Introduction and Notation
Throughout the paper we assume q is a complex number with |q| < 1. We use the standard
notations
(1.1) (a; q)∞ :=
∞∏
n=0
(1− aqn)
and
(1.2) E(q) := (q; q)∞.
Next, we recall the Ramanujan theta function
(1.3) f(a, b) :=
∞∑
n=−∞
a
n(n+1)
2 b
n(n−1)
2 , |ab| < 1.
The function f(a, b) satisfies the Jacobi triple product identity [3, Entry 19]
(1.4) f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞,
along with
(1.5) f(a, b) = a
n(n+1)
2 b
n(n−1)
2 f(a(ab)n, b(ab)−n),
where n ∈ Z [3, Entry 18]. One may use (1.4) to derive the following special cases:
(1.6) E(q) = f(−q,−q2) =
∞∑
n=−∞
(−1)nq
n(3n−1)
2 ,
(1.7) φ(q) := f(q, q) =
∞∑
n=−∞
qn
2
=
E5(q2)
E2(q4)E2(q)
,
(1.8) ψ(q) := f(q, q3) =
∞∑
n=−∞
q2n
2−n =
E2(q2)
E(q)
,
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(1.9) f(q, q2) =
E2(q3)E(q2)
E(q6)E(q)
,
(1.10) f(q, q5) =
E(q12)E2(q2)E(q3)
E(q6)E(q4)E(q)
.
Note that (1.6) is the famous Euler pentagonal number theorem. Splitting (1.6) according to the
parity of the index of summation, we find
(1.11) E(q) =
∞∑
n=−∞
q6n
2−n − q
∞∑
n=−∞
q6n
2+5n = f(q5, q7)− qf(q, q11).
We will employ the similarly derived relations
(1.12) φ(q) = φ(q9) + 2qf(q3, q15),
(1.13) φ(q) = φ(q4) + 2qψ(q8),
(1.14) ψ(−q) = f(q6, q10)− qf(q2, q14),
and
(1.15) ψ(q) = f(q3, q6) + qψ(q9).
We comment that the relation
E(−q) = E
3(q2)
E(q4)E(q)
can be used to deduce
φ(−q) = E
2(q)
E(q2)
,
and
ψ(−q) = E(q)E(q
4)
E(q2)
.
We now recall some notation from elementary number theory. Given an integer n, we use the term
ordp(n) to represent the unique integer with the properties p
ordp(n) | n and p1+ordp(n) ∤ n.
For an odd prime p, Legendre’s symbol is defined by(
n
p
)
=


1 if n is a quadratic residue modulo p and p ∤ n,
−1 if n is a quadratic nonresidue modulo p and p ∤ n,
0 if p | n .
Kronecker’s symbol
( n
m
)
is defined by
( n
m
)
=


1 if m = 1 ,
0 if m is a prime dividing n,
Legendre’s symbol if m is an odd prime,
(n
2
)
=


0 if n is even ,
1 n ≡ ±1 (mod 8),
−1 n ≡ ±3 (mod 8),
and in general
( n
m
)
=
∏s
i=1
(
n
pi
)
, where m =
∏s
i=1 pi is a prime factorization of m.
We recall some well-known facts from the theory of binary quadratic forms. For a, b, c ∈ Z, we
call (a, b, c) := ax2 + bxy + cy2 a binary quadratic form of discriminant d := b2 − 4ac. We are only
interested in the case d < 0 and a > 0, and the forms in this case are called positive definite. From
now on we will use the abbreviated term “form” to refer to a positive definite binary quadratic form.
If we set g(x, y) = ax2 + bxy + cy2, then the binary quadratic form h(x, y) := g(αx + βy, γx + δy)
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is called equivalent to g(x, y), when
(
α β
γ δ
)
is in SL(2,Z). We write g(x, y) ∼ h(x, y) and note
that ∼ is an equvalence relation on the set of binary quadratic forms of discriminant d. We define
H(d) to be the set of all binary quadratic forms of discriminant d modulo the equivalence relation ∼.
It is well-know that H(d) has a group structure, and is called the class group of dicriminant d [5].
The conductor of d is the largest integer f such that df2 is also a discriminant of binary quadratic forms.
The form (a, b, c) has the associated theta series
(1.16) B(a, b, c, q) :=
∑
x,y
qax
2+bxy+cy2 =
∑
n≥0
(a, b, c, n)qn.
Note that (a, b, c, n) = 0 whenever n /∈ Z≥0.
Let w(d) = 6, 4, or 2 if d = −3,−4 or d < −4, respectively. The prime p is represented by a form of
discriminant d if and only if p ∤ f and
(
d
p
)
= 0, 1. Let us take (a, b, c) to be a form of discriminant d
which represents p. Since (a, b, c) and (a,−b, c) represent the same integers, we see (a,−b, c) must also
represent p. Apart from (a, b, c) and (a,−b, c), no other class of forms of discriminant d will represent
p. If p ∤ f and
(
d
p
)
= 0, then (a, b, c, p) = w(d). If
(
d
p
)
= 1, then (a, b, c, p) = w(d) or 2w(d) when
(a, b, c) ≁ (a,−b, c) or (a, b, c) ∼ (a,−b, c), respectively [9].
We will need a method to determine which primes p are represpresented by a given form. Besides
using basic congruence conditions from genus theory, see [9], we follow [8] and [21] by employing the
Weber class polynomial. For a form (a, b, c) with discriminant d, we let τ = −b+
√
d
a , and recall that
the Weber class polynomial, Wd, is defined as the minimal polynomial of f(τ), where f is a particular
normalized Weber function generating the same class field as Klein’s modular function j(τ). (See [8],
[21] for details.)
We will give examples where the factorization pattern ofWd (mod p) suffices to determine if (a, b, c)
represents p. When the factorization pattern of Wd (mod p) does not suffice, we use rem(z
p,Wd(z))
(mod p). Here and throughout the manuscript, rem(zp,Wd(z)) (mod p) denotes the remainder of z
p
upon division by Wd(z) modulo p. If
(
d
p
)
= 1, an analysis of rem(zp,Wd(z)) (mod p) always enables
us to determine which form of discriminant d represents p.
An eta-quotient is a finite product
H(q) := qj
M∏
i=1
Eri(qsi),
where s1, . . . , sM are positive integers, r1, . . . , rM are non-zero integers, and
j =
∑M
i=1
risi
24 ∈ Z. We call H an eta-quotient since q
1
24E(q) = η(q), where η(q) is the Dedekind eta
function. The weight of H is defined to be
∑M
i=1
ri
2 . The level N of H is defined to be the smallest
multiple of lcm(s1, . . . , sM ) such that
∑M
i=1
riN
si
≡ 0 (mod 24). H has a Fourier expansion, and we
use the notation [qn]H(q) to denote the coefficient of qn in the expansion of H . We call a series∑
n>0 a(n)q
n multiplicative when a(n) is multiplicative. It is a continuing area of research to deter-
mine the Fourier coefficients of certain eta-quotients. (See [1], [2], [6], [7], [13], and [22].)
Let Q be a form of discriminant d = d0 · f2 with conductor f . Let ϑQ =
∑
n≥0 h(n)q
n be the
associated theta series for Q. In [12] Hecke defines the operator Tp by
(1.17) Tp
( ∞∑
n=0
h(n)qn
)
=
∞∑
n=0
[
h(pn) +
(
d
p
)
h(n/p)
]
qn.
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Let S be the set of all linear combinations of theta series associated to the forms of discriminant
d. It is well-known that for s ∈ S, we have Tp(s) ∈ S [12]. Moreover, Hecke gives explicit information
regarding which theta series are involved in the linear combination Tp(s) [12, p. 794; (7)]. In the case
that p is represented by a form of discriminant d, we define Q0 to be such a form. It can be shown
that
(1.18) Tp(ϑQ) =


ϑQ·Q0 + ϑQ·Q−1
0
(
d
p
)
= 1,
ϑQ·Q0 p | d, p ∤ f,
F (qp) p | f,
0
(
d
p
)
= −1,
where the binary operation · is Gaussian composition of forms, and F (q) = ϑQ1 where Q1 is a partic-
ular form of discriminant dp2 .
When Tp(s) = s · λp for some constant λp, we call s an eigenform of Tp with eigenvalue λp. If∑
h(n)qn is an eigenform for all Hecke operators, then (1.17) implies
(1.19) λph(n) = h(pn) +
(
d
p
)
h(n/p)
for any positive integer n and any prime p. Taking n = 1 yields λp · h(1) = h(p), and we will always
take h appropriately normalized so that h(1) = 1. Hence the eigenvalues of all Tp are exactly the
evaluations of h at the primes. Equation (1.19) shows h is multiplicative. Moreover, taking n = pk in
(1.19) yields
(1.20) h(pk+1) = h(p)h(pk)−
(
d
p
)
h(pk−1).
Given s, s′ ∈ S we say that s + s′ is a completion of s if s + s′ is a an eigenform for all Hecke
operators. We say that s and s′ are congruentially disjoint if there exists a modulus M , such that for
any n,m with [qn]s 6= 0, [qm]s′ 6= 0, we have n 6≡ m (mod M).
In later sections, we find the Fourier coefficients of certain eta-quotients H , by finding a completion
s′ +H with the additional property that s′ and H are congruentially disjoint. The ability to extract
the coefficients of H by employing congruences, contributes to the simplicity of our results.
To find a completion, we use certain multiplicative combinations discussed in [19]. Let An(q) be
the associated theta series of the binary quadratic form An (A composed with itself n times). We
employ a result of Sun and Williams [19] to find the following multiplicative linear combinations:
Table 1
C5 ∼= 〈A〉 12
(
I(q)− µA(q) − λA2(q))
1
2
(
I(q)− λA(q) − µA2(q))
C7 ∼= 〈A〉 12
(
I(q) + αA(q) + βA2(q) + γA3(q)
)
1
2
(
I(q) + βA(q) + γA2(q) + αA3(q)
)
1
2
(
I(q) + γ A(q) + αA2(q) + βA3(q)
)
C6 ∼= 〈A〉 12
(
I(q)− A2(q) +A(q) −A3(q)
)
C8 ∼= 〈A〉 12
(
I(q)−A4(q) + √2A(q) −√2A3(q)
)
C4 × C4 ∼= 〈A,B〉 12
(
I(q) + A2(q)−B2(q)− A2B2(q) + 2A(q)− 2AB2(q)
)
,
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where I(q) := A0(q) and we have set α := 2 cos(2pi7 ), β := 2 cos(
4pi
7 ),γ := 2 cos(
6pi
7 ), µ :=
1−√5
2 ,
λ := 1+
√
5
2 . The notation 〈A1, A2, . . . , An〉 is used to denote the group generated by A1, . . . , An with
|A1| ≥ |A2| ≥ . . . ≥ |An|, where |A| denotes the order of A. Here and throughout, we use Cn to
denote the cyclic group of order n. Table 1 lists multiplicative combinations that apply directly to the
examples appearing in later sections. We remind the reader that the property of being an eigenform
for all Hecke operators is a stronger condition than multiplicativity.
In [15], Schoeneberg proved the identity
(1.21)
B
(
6, 1, k+124 , q
)−B (6, 5, k+2524 , q)
2
= q
k+1
24 E(q)E(qk),
for k ≡ −1 (mod 24).
In section 2 we state and prove an extra parameter generalization of (1.21). This generalization is
Theorem 2.1. Theorem 2.1 provides a representation of the most general eta-products of weight 1,
by the difference of two theta series arising from binary quadratic forms. We then state and prove
Theorem 2.2, Theorem 2.3, and Theorem 2.4 which provide representations for two families of weight
1 eta-quotients as a difference of theta series. We would like to point out that many special cases of
Theorem 2.1 were previously discussed in the literature. (See [2], [4], [10], [14], [15], [16], [18], [20].)
The proofs of Theorems 2.1, 2.2, 2.3, and 2.4 are all elementary, in the sense that they make essen-
tial use of dissections of q-series. Lastly, we remark that the eta-products arising from Theorem 2.1
will always yield cusp forms, while the eta-quotients arising from Theorem 2.2, Theorem 2.3, and 2.4
are not generally cusp forms.
In sections 3 and 4 we employ Theorem 2.1 and give explicit formulas for the Fourier coefficients
of eta-products of level 47 and 71. In section 5 we consider eta-quotients of level 135, 648, 1024, and
1872, and employ Theorems 2.1, 2.2, 2.3, and 2.4 to deduce formulas for their Fourier coefficients.
Also in section 5, we contrast our multiplicative completion of q7E(q12)E(q156) with that of Gordon
and Hughes (see [11]). In section 6 we give concluding remarks.
2. elementary proofs of Theorems 2.1, 2.2, 2.3, and 2.4
Theorem 2.1. If m, s are positive integers with 24s−m > 0, then
B(6m,m, s, q)−B(6m, 5m, s+m, q)
2
= qsE(qm)E(q24s−m).
Without loss of generality we assume that m and s are coprime, and hence (6m,m, s) and
(6m, 5m, s + m) are primitive forms, but not necessarily reduced. The transformations (x, y) →(
x+ y2 ,−y
)
and (x, y)→ (x+ y3 , y), send (6m,m, s) to (6m, 5m, s+m). Using these transformations
we see (6m,m, s) and (6m, 5m, s+m) are equivalent over the p-adic integers for all primes p. Equiv-
alence over the p-adic integers implies (6m,m, s) and (6m, 5m, s+m) share the same genus [8], [21].
Hence qsE(qm)E(q24s−m) is a cusp form with simple congruential properties [17, p.577].
We mention that Theorem 2.1 is explicitly used in section 3, see 3.1; section 4, see 4.1; section 5,
see 5.1 and 5.4. We now proceed with the proof of Theorem 2.1.
Proof. For a fixed j we have
(2.1)
∑
x
y≡j (mod 12)
q6mx
2+mxy+sy2 =
∑
x
y≡−j (mod 12)
q6mx
2+mxy+sy2 =
∑
x,y
q6mx
2+mx(12y+j)+s(12y+j)2 .
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Letting x→ −x+ y and y → −y on the right-hand side of (2.1) yields,
(2.2)
∑
x,y
qj
2s−jmx+6mx2−j(24s−m)y+6(24s−m)y2 = qsj
2
(∑
x
qm(6x
2−jx)
)(∑
y
Q(6y
2−jy)
)
= qsj
2
f
(
qm(6−j), qm(6+j)
)
f
(
Q6−j, Q6+j
)
,
with Q := q24s−m.
Employing (2.1) and (2.2) we obtain
(2.3)
B(6m,m, s, q) =
11∑
j=0
qsj
2
f
(
qm(6−j), qm(6+j)
)
f
(
Q6−j , Q6+j
)
=f
(
q6m, q6m
)
f
(
Q6, Q6
)
+ 2
5∑
j=1
qsj
2
f
(
qm(6−j), qm(6+j)
)
f
(
Q6−j , Q6+j
)
+ q36sf
(
1, q12m
)
f
(
1, Q12
)
.
We repeat the above process with the form (6m, 5m, s + m) to get the analogous seven term
expansion for B(6m, 5m, s+m, q):
(2.4)
B(6m, 5m, s+m, q) =
11∑
j=0
q(s+m)j
2
f
(
qm(6−5j), qm(6+5j)
)
f
(
Q6−j , Q6+j
)
=f
(
q6m, q6m
)
f
(
Q6, Q6
)
+ 2
5∑
j=1
q(s+m)j
2
f
(
qm(6−5j), qm(6+5j)
)
f
(
Q6−j , Q6+j
)
+ q36(s+m)f
(
q−24m, q36m
)
f
(
1, Q12
)
.
Appropriately applying (1.5) to the right-hand side of (2.4), we write (2.4) as
(2.5)
B(6m, 5m, s+m, q) =f
(
q6m, q6m
)
f
(
Q6, Q6
)
+ 2qs+mf
(
qm, q11m
)
f
(
Q5, Q7
)
+ 2
4∑
j=2
qsj
2
f
(
qm(6−j), qm(6+j)
)
f
(
Q6−j , Q6+j
)
+ 2q25s−mf
(
q5m, q7m
)
f
(
Q,Q11
)
+ q36sf
(
1, q12m
)
f
(
1, Q12
)
.
It is clear that many of the terms in (2.5) also appear in (2.3). Subtracting (2.5) from (2.3) we perform
numerous cancellations to obtain
B(6m,m, s, q)−B(6m, 5m, s+m, q)
2
= qsf
(
q5m, q7m
)
f
(
Q5, Q7
)
+ q25sf
(
qm, q11m
)
f
(
Q,Q11
)
−qs+mf (qm, q11m) f (Q5, Q7)− qsQf (q5m, q7m) f (Q,Q11) .
(2.6)
The four terms on the right-hand side of (2.6) can be written as the product
(2.7) qs · (f (q5m, q7m)− qmf (qm, q11m)) · (f (Q5, Q7)−Qf (Q,Q11)) .
Employing (1.11), we conclude that
(2.8)
B(6m,m, s, q)−B(6m, 5m, s+m, q)
2
= qsE(qm)E(q24s−m).
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
We remark that a result of Sun given in [18] is closely related to our Theorem 2.1. Sun’s result
makes essential use of a lemma, found in [20, p. 356], which employs representations by four binary
quadratic forms. It can be shown that the result of [18, (p. 16, Thm. 3.1)] follows as a corollary to
our Theorem 2.1.
Theorem 2.2. If m, s are positive integers with 8s−m > 0, then
B(8m, 2m, s, q)−B(8m, 6m, s+m, q)
2
= qs
E(qm)E(q4m)E(q8s−m)E(q4(8s−m))
E(q2m)E(q2(8s−m))
= qsψ(−q8s−m)ψ(−qm).
We give an application of Theorem 2.2 in section 5. Specifically, the example involving level 1024
(see 5.3) makes explicit use of Theorem 2.2. The proof of Theorem 2.2 is similar to the proof of
Theorem 2.1, and so we sketch the proof.
Proof. One can show that we have the 5 term expansions
(2.9)
B(8m, 2m, s, q) =
7∑
j=0
qsj
2
f
(
qm(8−2j), qm(8+2j)
)
f
(
Q8−2j , Q8+2j
)
=f
(
q8m, q8m
)
f
(
Q8, Q8
)
+ 2qsf
(
q6m, q10m
)
f
(
Q6, Q10
)
+ 2q4sf
(
q4m, q12m
)
f
(
Q4, Q12
)
+ 2q9sf
(
q2m, q14m
)
f
(
Q2, Q14
)
+ q16sf
(
1, q16m
)
f
(
1, Q16
)
,
and
(2.10)
B(8m, 6m, s+m, q) =
7∑
j=0
q(s+m)j
2
f
(
qm(8−6j), qm(8+6j)
)
f
(
Q8−2j , Q8+2j
)
=f
(
q8m, q8m
)
f
(
Q8, Q8
)
+ 2q(s+m)f
(
q2m, q14m
)
f
(
Q6, Q10
)
+ 2q4sf
(
q4m, q12m
)
f
(
Q4, Q12
)
+ 2q9s−mf
(
q6m, q10m
)
f
(
Q2, Q14
)
+ q16sf
(
1, q16m
)
f
(
1, Q16
)
,
where Q := q8s−m. Subtracting (2.10) from (2.9) we obtain
B(8m, 2m, s, q)−B(8m, 6m, s+m, q)
= 2qs · (f (q6m, q10m)− qmf (q2m, q14m)) · (f (Q6, Q10)−Qf (Q2, Q14)) .(2.11)
Employing (1.14), we conclude that
(2.12)
B(8m, 2m, s, q)−B(8m, 6m, s+m, q)
2
= qsψ(−q8s−m)ψ(−qm).

Theorem 2.3. If m, k are positive integers, then
B (m, 0, 4k, q)−B (4m, 4m, k +m, q)
2
= qm
E2(qs)E2(q16m)
E(q2s)E(q8m)
= qmψ(q8m)φ
(−qk) .
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We give an application of Theorem 2.3 in section 5. The example involving level 1024 (see 5.3)
makes explicit use of both Theorem 2.2 and Theorem 2.3.
Proof. We have
B(m, 0, 4k, q)−B(4m, 4m, k +m, q) =
∑
x
y≡0 (mod 2)
qmx
2+ky2 −
∑
x,y
qm(2x+y)
2+ky2
=
∑
x
y≡0 (mod 2)
qmx
2+ky2 −
∑
x≡y (mod 2)
qmx
2+ky2
=
∑
x≡1 (mod 2)
y≡0 (mod 2)
qmx
2+ky2 −
∑
x≡y≡1 (mod 2)
qmx
2+ky2
=
∑
x≡1 (mod 2)
qmx
2

 ∑
y≡0 (mod 2)
qky
2 −
∑
y≡1 (mod 2)
qky
2


=
(∑
x
qm(2x+1)
2
)(∑
y
(−1)yqky2
)
= 2qmψ(q8m)φ(−qk).

Theorem 2.4. If m, s are positive integers, then
B(m, 0, 9s, q)−B(9m, 6m, s+m, q)
2
= qm
E(qs)E(q4s)E2(q6s)
E(q2s)E(q3s)E(q12s)
· E
2(q6m)E(q9m)E(q36m)
E(q3m)E(q12m)E(q18m)
.
Proof. We employ (1.12) to find
(2.13) B(m, 0, 9s, q) = φ(q9m)φ(q9s) + 2qmf(q3m, q15m)φ(q9s).
We also have
B(9m, 6m, s+m, q) =
∑
x,3|y
qm(3x+y)
2+sy2 +
∑
x,3∤y
qm(3x+y)
2+sy2
=
∑
x,y
q9m(x+y)
2+9sy2 + 2
∑
x,y
qm(3x+3y+1)
2+s(3y+1)2
= φ(q9m)φ(q9s) + 2qs+m
∑
x,y
q6mx+9mx
2+6sy+9sy2
= φ(q9m)φ(q9s) + 2qs+mf(q3m, q15m)f(q3s, q15s).
Thus we come to
(2.14)
B(m, 0, 9s, q)−B(9m, 6m, s+m, q)
2
= qmf(q3m, q15m)
(
φ(q9s)− qsf(q3s, q15s)) .
Letting q → −qs in (1.15) yields
(2.15) ψ(−qs) = f(−q3s, q6s)− qsψ(−q9s).
Multiplying both sides of (2.15) by E
2(q6s)
E(q3s)E(q12s) gives
(2.16)
E(qs)E(q4s)E2(q6s)
E(q2s)E(q3s)E(q12s)
= φ(q9s)− qsf(q3s, q15s).
Letting q → q3m in (1.10) and employing (2.16), allows us to write the right-hand side of (2.14) as an
eta-quotient. Hence the proof is complete.

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We remark that unlike Theorem 2.1, the forms of Theorem 2.2, Theorem 2.3, and Theorem 2.4 are
not necessarily in the same genus.
3. Weight 1 Eta-Product of Level 47
In this section we determine the Fourier coefficients of q2E(q)E(q47). We have CL(−47) ∼= C5 and
the reduced forms are
CL(−47) ∼= C5
(
−47
p
)
Principal Genus (1, 1, 12), (2,±1, 6), (3,±1, 4) +1
.
In the above table, p is taken to be coprime to −47 and represented by the given genus.
Taking m = 1 and s = 2 in Theorem 2.1 yields
(3.1)
∑
n>0
a(n)qn :=
B(6, 1, 2, q)−B(6, 5, 3, q)
2
=
B(2, 1, 6, q)− B(3, 1, 4, q)
2
= q2E(q)E(q47).
One can check q2E(q)E(q47) is not an eigenform for all Hecke operators; hence, we must find a
completion for q2E(q)E(q47). Throughout this examples we will let µ := 1−
√
5
2 and λ :=
1+
√
5
2 . Using
the first and second row of Table 1, with A = (2, 1, 6), we find
(3.2) A1(q) :=
B(1, 1, 12, q)− µB(2, 1, 6, q)− λB(3, 1, 4, q)
2
,
and
(3.3) A2(q) :=
B(1, 1, 12, q)− λB(2, 1, 6, q)− µB(3, 1, 4, q)
2
are multiplicative. We show (3.2) and (3.3) are eigenforms for all Hecke operators, and we find their
eigenvalues. We then derive a formula for the coefficients of A1(q) and A2(q), and exploit
(3.4) [qn]q2E(q)E(q47) =
[qn]A1(q)− [qn]A2(q)√
5
,
to find the Fourier coefficients of q2E(q)E(q47).
To show (3.2) and (3.3) are eigenforms for Tp, we consider the action of Tp on the forms of discrim-
inant −47. We separate cases according to the value of
(
−47
p
)
.
Case 1:
(−47
p
)
= 1.
Table 2 gives the explicit action of Tp on the theta series associated with forms of discriminant
−47.
Table 2
B(a, b, c, q) (1, 1, 12, p) > 0 (3, 1, 4, p) > 0 (2, 1, 6, p) > 0
B(1, 1, 12, q)
Tp−→ 2B(1, 1, 12, q) 2B(3, 1, 4, q) 2B(2, 1, 6, q)
B(3, 1, 4, q)
Tp−→ 2B(3, 1, 4, q) B(1, 1, 12, q) +B(2, 1, 6, q) B(3, 1, 4, q) +B(2, 1, 6, q)
B(2, 1, 6, q)
Tp−→ 2B(2, 1, 6, q) B(3, 1, 4, q) +B(2, 1, 6, q) B(1, 1, 12, q) +B(3, 1, 4, q)
.
We comment that Table 2 is consistent with the formulas of Hecke [12, p.794].
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With the aid of Table 2, we compute the action of Tp on A1(q) and A2(q):
Table 3
(1, 1, 12, p) > 0 (3, 1, 4, p) > 0 (2, 1, 6, p) > 0
A1(q)
Tp−→ 2A1(q) −λA1(q) −µA1(q)
A2(q)
Tp−→ 2A2(q) −µA2(q) −λA2(q)
.
Hence, (3.2) and (3.3) are eigenforms for Tp, with eigenvalues 2, −µ, −λ when
(
−47
p
)
= 1.
Case 2:
(−47
p
)
= −1.
A prime p with
(
−47
p
)
= −1 implies (a, b, c, p) = 0 for any form of discriminant −47. Thus, (3.2) and
(3.3) are eigenforms for such Tp with eigenvalue 0.
Case 3:
(−47
p
)
= 0.
We find that (3.2) and (3.3) are eigenforms for T47 with eigenvalue 1.
We have shown (3.2) and (3.3) are eigenforms for all Hecke operators, and have found their corre-
sponding eigenvalues.
We now state criteria to determine when (a, b, c, p) > 0 for a form of discriminant −47. We
are able to distinguish each case by examining the Weber Class polynomial for discriminant −47,
W−47(z) := z5 + 2z4 + 2z3 + z2 − 1. We only consider primes p with
(
−47
p
)
6= −1. As mentioned in
section 1, we follow [8] and [21] to find:
(1) (1, 1, 12, p) > 0 iff p = 47 or rem(zp,W−47(z)) ≡ z (mod p),
(2) (2, 1, 6, p) > 0 iff rem(94zp,W−47(z)) ≡
(−47 + 3rp)z4 + (−5rp − 47)z3 + (−11rp − 47)z2 + (−5rp − 47)z − 47− rp (mod p),
(3) (3, 1, 4, p) iff rem(94zp,W−47(z)) ≡
(rp + 47)z
4 + (47− rp)z3 + (7rp + 47)z2 + 12zrp − 47 + 5rp (mod p),
where rp is defined by (rp)
2 ≡ −47 (mod p).
Define S1, S2, S3 to be the set of primes p 6= 47 represented by (1, 1, 12), (2, 1, 6), and (3, 1, 4),
respectively. Let S4 be the set of primes p with
(
−47
p
)
= −1.
We factor a positive integer n as
(3.5) n = 47ord47(n)
∏
p1∈S1
p
ordp1(n)
1
∏
p2∈S2
p
ordp2(n)
2
∏
p3∈S3
p
ordp3(n)
3
∏
p4∈S4
p
ordp4(n)
4 .
Employing (1.20), along with our computed eigenvalues, we obtain
(3.6) [qp
ν
]A1(q) =


1 p = 47,
1 + ν p ∈ S1,
U(ν) p ∈ S2,
V (ν) p ∈ S3,
(−1)ν+1
2 p ∈ S4,
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and
(3.7) [qp
ν
]A2(q) =


1 p = 47,
1 + ν p ∈ S1,
V (ν) p ∈ S2,
U(ν) p ∈ S3,
(−1)ν+1
2 p ∈ S4,
where
(3.8) U(n) :=
sin(2pi(n+ 1)/5)
sin(2pi/5)
,
and
(3.9) V (n) :=
sin(4pi(n+ 1)/5)
sin(4pi/5)
,
are arithmetic functions of period 5. Using the multiplicativity of A1(q) and A2(q), along with (3.6)
and (3.7), we have
(3.10) [qn]A1(q) = ∆(n)
∏
p2∈S2
U(ordp2(n))
∏
p3∈S3
V (ordp3(n)),
and
(3.11) [qn]A2(q) = ∆(n)
∏
p2∈S2
V (ordp2(n))
∏
p3∈S3
U(ordp3(n)),
where
∆(n) :=
∏
p1∈S1
(1 + ordp1(n))
∏
p4∈S4
1 + (−1)ordp4(n)
2
.
Employing (3.4), (3.10), and (3.11), we obtain
(3.12) a(n) = ∆(n)P (n)√
5
,
where
(3.13) P (n) =
∏
p2∈S2
U(ordp2(n))
∏
p3∈S3
V (ordp3(n))−
∏
p2∈S2
V (ordp2(n))
∏
p3∈S3
U(ordp3(n)).
We explore the functions U(n) and V (n), and find a different representation for both P (n) and a(n).
Since U(n) and V (n) are periodic, we can tabulate their explicit values
Table 4
n U(n) V (n)
n ≡ 0 (mod 5) 1 1
n ≡ 1 (mod 5) −µ −λ
n ≡ 2 (mod 5) µ λ
n ≡ 3 (mod 5) −1 −1
n ≡ 4 (mod 5) 0 0
.
Given a positive integer n, we define ri to be the number of primes p2 ∈ S2 such that ordp2(n) ≡ i
(mod 5). Similarly, si is the number of primes p3 ∈ S3 such that ordp3(n) ≡ i (mod 5).
We have
(3.14)
∏
p2∈S2
U(ordp2(n)) = δr4,0 · (−1)r1+r3 · µr1+r2 ,
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and
(3.15)
∏
p3∈S3
V (ordp3(n)) = δs4,0 · (−1)s1+s3 · λs1+s2 ,
where δi,j is 1 if i = j and 0 otherwise.
Then
(3.16)
∏
p2∈S2
U(ordp2(n))
∏
p3∈S3
V (ordp3(n)) = δr4+s4,0 · (−1)r2+r3+s1+s3 · λs1+s2−r1−r2 ,
and
(3.17)
∏
p2∈S2
V (ordp2(n))
∏
p3∈S3
U(ordp3(n)) = δr4+s4,0 · (−1)r2+r3+s1+s3 · µs1+s2−r1−r2 .
Subtracting (3.17) from (3.16) yields
(3.18) P (n) = (−1)r2+r3+s1+s3 · δr4+s4,0 ·
(
λs1+s2−r1−r2 − µs1+s2−r1−r2) ,
and plugging (3.18) into (3.12) yields an alternate representation for a(n).
We can simplify further by employing the identity
(3.19)
λx − µx√
5
= b(x− 1),
where
b(L) :=
L∑
j=−L
(−1)j
(
L
⌈L+5j2 ⌉
)
,
⌈·⌉ is the ceiling function, and x is an integer greater than 0. For the case x < 0 we can use
λ−|x| − µ−|x|√
5
= (−1)x+1λ
|x| − µ|x|√
5
,
in order to employ (3.19). Noting that x = 0 implies λ
x−µx√
5
= 0, we come to
(3.20)
a(n) =


δr4+s4,0 · (−1)r2+r3+s1+s3 ·∆(n) · b(|s1 + s2 − r1 − r2| − 1) s1 + s2 − r1 − r2 > 0,
δr4+s4,0 · (−1)r1+r3+s2+s3+1 ·∆(n) · b(|s1 + s2 − r1 − r2| − 1) s1 + s2 − r1 − r2 < 0,
0 s1 + s2 − r1 − r2 = 0.
4. Weight 1 Eta-Product of Level 71
In this section we determine the Fourier coefficients of q3E(q)E(q71). We have CL(−71) ∼= C7 and
the reduced forms are
CL(−71) ∼= C7
(
−71
p
)
Principal Genus (1, 1, 18), (2,±1, 9), (3,±1, 6), (4,±3, 5) +1
.
In the above table, p is taken to be coprime to −71 and represented by the given genus.
Taking m = 1 and s = 3 in Theorem 2.1 yields
(4.1)
∑
n>0
a(n)qn :=
B(6, 1, 3, q)−B(6, 5, 4, q)
2
=
B(3, 1, 6, q)− B(4, 3, 5, q)
2
= q3E(q)E(q71).
Note that q3E(q)E(q71) is not multiplicative. Throughout this example we will let α := 2 cos(2pi7 ),
β := 2 cos(4pi7 ),γ := 2 cos(
6pi
7 ). Using Table 1, we find
(4.2) A1(q) :=
B(1, 1, 18, q) + γB(2, 1, 9, q) + αB(4, 3, 5, q) + βB(3, 1, 6, q)
2
,
(4.3) A2(q) :=
B(1, 1, 18, q) + αB(2, 1, 9, q) + βB(4, 3, 5, q) + γB(3, 1, 6, q)
2
,
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and
(4.4) A3(q) :=
B(1, 1, 18, q) + βB(2, 1, 9, q) + γB(4, 3, 5, q) + αB(3, 1, 6, q)
2
,
are multiplicative. Note that α, β, γ are the roots of F (x) := x3 + x2 − 2x− 1.
We show A1(q), A2(q), A3(q) are eigenforms for all Hecke operators, and we find their eigenvalues.
We then derive a formula for their coeffcients, and exploit
(β − α) · A1(q)7
+(γ − β) · A2(q)7
+(α− γ) · A3(q)7
=
∑
n>0
a(n)qn = q3E(q)E(q71).
to find the Fourier coefficients of q3E(q)E(q71).
We consider the action of Tp on the associated theta series of forms of discriminant −71. We
separate cases according to the value of
(
−71
p
)
.
Case 1:
(−71
p
)
= 1.
Table 5 gives the explicit action of Tp on the theta series associated with forms of discriminant
−71.
Table 5
B(a, b, c, q) (1, 1, 18, p) > 0 (2, 1, 9, p) > 0 (4, 3, 5, p) > 0 (3, 1, 6, p) > 0
B(1, 1, 18, q)
Tp−→ 2B(1, 1, 18, q) 2B(2, 1, 9, q) 2B(4, 3, 5, q) 2B(3, 1, 6, q)
B(2, 1, 9, q)
Tp−→ 2B(2, 1, 9, q) B(1, 1, 18, q) +B(4, 3, 5, q) B(2, 1, 9, q) +B(3, 1, 6, q) B(3, 1, 6, q) +B(4, 3, 5, q)
B(4, 3, 5, q)
Tp−→ 2B(4, 3, 5, q) B(2, 1, 9, q) +B(3, 1, 6, q) B(1, 1, 18, q) +B(3, 1, 6, q) B(2, 1, 9, q) +B(4, 3, 5, q)
B(3, 1, 6, q)
Tp−→ 2B(3, 1, 6, q) B(3, 1, 6, q) +B(4, 3, 5, q) B(2, 1, 9, q) +B(4, 3, 5, q) B(1, 1, 18, q) +B(2, 1, 9, q)
.
We comment that Table 5 is consistent with the formulas of Hecke [12, p.794].
With the aid Table 5, we compute the action of Tp on A1(q), A2(q), A3(q):
Table 6
(1, 1, 18, p) > 0 (2, 1, 9, p) > 0 (4, 3, 5, p) > 0 (3, 1, 6, p) > 0
A1(q)
Tp−→ 2A1(q) γA1(q) αA1(q) βA1(q)
A2(q)
Tp−→ 2A2(q) αA2(q) βA2(q) γA2(q)
A3(q)
Tp−→ 2A3(q) βA3(q) γA3(q) αA3(q)
.
Hence, A1(q), A2(q), A3(q) are eigenforms for Tp, with eigenvalues 2, α, β, γ when
(
−71
p
)
= 1.
Case 2:
(−71
p
)
= −1.
A prime p with
(
−71
p
)
= −1 implies (a, b, c, p) = 0 for any form of discriminant −71. Thus,
A1(q), A2(q), A3(q) are eigenforms for such Tp with eigenvalue 0.
Case 3:
(−71
p
)
= 0.
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We find that A1(q), A2(q), A3(q) are eigenforms for T71 with eigenvalue 1.
We have shown A1(q), A2(q), A3(q) are eigenforms for all Hecke operators, and have found their cor-
responding eigenvalues.
We now state criteria to determine when (a, b, c, p) > 0 for a form of discriminant −71. We
are able to distinguish each case by examining the Weber Class polynomial for discriminant −71,
W−71(z) := z7 + z6 − z5 − z4 − z3 + z2 + 2z − 1. We only consider primes p with
(
−71
p
)
6= −1. We
follow the method of [8] and [21] to find:
(1) (1, 1, 18, p) > 0 iff p = 71 or rem(zp,W−71(z)) ≡ z (mod p),
(2) (2, 1, 9, p) > 0 iff rem(142zp,W−71(z)) ≡
(2rp − 142)z6 + (6rp − 142)z5 + (−5rp + 71)z4 + (−6rp + 142)z3 + (−5rp + 213)z2 + (−15rp − 71)z − 213 + 11rp (mod p),
(3) (4, 3, 5, p) iff rem(142zp,W−71(z)) ≡
20rpz
6 + 16rpz
5 − 10rpz4 − 20rpz3 + (−27rp − 71)z2 + (13rp − 71)z + 20rp (mod p),
(4) (3, 1, 6, p) > 0 iff rem(142zp,W−71(z)) ≡
(10rp + 142)z
6 + (10rp + 142)z
5 + (rp − 71)z4 + (−2rp − 142)z3 + (−4rp − 142)z2 + (5rp + 71)z + 142 + 4rp (mod p),
where rp is defined by (rp)
2 ≡ −71 (mod p).
Define S1, S2, S3, S4 to be the set of primes p 6= 71 represented by (1, 1, 18), (2, 1, 9), (4, 3, 5), and
(3, 1, 6), respectively. Let S5 be the set of primes p with
(
−71
p
)
= −1.
We factor a positive integer n as
(4.5) n = 71ord71(n)
∏
p1∈S1
p
ordp1(n)
1
∏
p2∈S2
p
ordp2(n)
2
∏
p3∈S3
p
ordp3(n)
3
∏
p4∈S4
p
ordp4(n)
4
∏
p5∈S5
p
ordp5 (n)
5 .
Letting
∆(n) :=
∏
p1∈S1
(1 + ordp1(n))
∏
p5∈S5
1 + (−1)ordp5(n)
2
,
we obtain
(4.6) [qn]A1(q) = ∆(n)
∏
p2∈S2
W (ordp2(n))
∏
p3∈S3
U(ordp3(n))
∏
p4∈S4
V (ordp4(n)),
(4.7) [qn]A2(q) = ∆(n)
∏
p2∈S2
U(ordp2(n))
∏
p3∈S3
V (ordp3(n))
∏
p4∈S4
W (ordp4(n)),
(4.8) [qn]A3(q) = ∆(n)
∏
p2∈S2
V (ordp2(n))
∏
p3∈S3
W (ordp3(n))
∏
p4∈S4
U(ordp4(n)),
where
(4.9) U(n) :=
sin(2pi(n+ 1)/7)
sin(2pi/7)
,
(4.10) V (n) :=
sin(4pi(n+ 1)/7)
sin(4pi/7)
,
and
(4.11) W (n) :=
sin(6pi(n+ 1)/7)
sin(6pi/7)
.
Since U(n), V (n) and W (n) are periodic, we can tabulate their explicit values:
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Table 7
n U(n) V (n) W (n)
n ≡ 0 (mod 7) 1 1 1
n ≡ 1 (mod 7) α β γ
n ≡ 2 (mod 7) −γ−1 −α−1 −β−1
n ≡ 3 (mod 7) γ−1 α−1 β−1
n ≡ 4 (mod 7) −α −β −γ
n ≡ 5 (mod 7) −1 −1 −1
n ≡ 6 (mod 7) 0 0 0
.
To ease notation we define
∆1(n) :=
∏
p2∈S2
W (ordp2(n))
∏
p3∈S3
U(ordp3(n))
∏
p4∈S4
V (ordp4(n)).
∆2(n) :=
∏
p2∈S2
U(ordp2(n))
∏
p3∈S3
V (ordp3(n))
∏
p4∈S4
W (ordp4(n)),
∆3(n) :=
∏
p2∈S2
V (ordp2(n))
∏
p3∈S3
W (ordp3(n))
∏
p4∈S4
U(ordp4(n)),
Thus we come to
a(n) = ∆(n)7 P (n),
where
P (n) =(β − α)∆1(n)
+(γ − β)∆2(n)
+(α− γ)∆3(n).
Similar to our approach for discriminant −47 we can find another representation of a(n) by using
the tabulated values of U, V and W .
Given a positive integer n, we define ri to be the number of primes p2 ∈ S2 such that ordp2(n) ≡ i
(mod 7). Similarly, si is the number of primes p3 ∈ S3 such that ordp3(n) ≡ i (mod 7), and ti is the
number of primes p4 ∈ S4 such that ordp4(n) ≡ i (mod 7). We can now write ∆1,∆2,∆3 in terms of
the new notation.
We use the tabulated values of U(n), V (n),W (n) to find∏
p2∈S2
U(ordp2(n)) = δr6,0(−1)r2+r4+r5αr1+r4γ−r2−r3 ,
∏
p3∈S3
V (ordp3(n)) = δs6,0(−1)s2+s4+s5βs1+s4α−s2−s3 ,
∏
p4∈S4
W (ordp4(n)) = δt6,0(−1)t2+t4+t5γt1+t4β−t2−t3 ,
and we note that the symmetry between the three products is the same symmetry seen in the table
of values for U(n), V (n),W (n). Thus we come to
(4.12) ∆1(n) = δr6+s6+t6,0 · (−1)r2+r4+r5+s2+s4+s5+t2+t4+t5 · αs1+s4−t2−t3βt1+t4−r2−r3γr1+r4−s2−s3 .
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We exploit symmetry to find that ∆2(n) is equal to ∆1(n) under the permutation σ := (α, β, γ),
and ∆3(n) is equal to ∆1(n) under the permutation σ
2. Explicitly
∆2(n) = σ(∆1(n)),
∆3(n) = σ
2(∆1(n)),
and thus we may write
P (n) =(β − α)∆1(n)
+σ((β − α)∆1(n))
+σ2((β − α)∆1(n)).
Using the relation
a(n) = ∆(n)7 P (n),
along with the formula for P (n), yields a general formula for a(n) = [qn]q3E(q)E(q71).
We now consider some special values of n, and the corresponding formula for a(n).
Given a prime p which is represented by a form of discriminant −71, we list the values a(pν):
Table 8
(1, 1, 18, p) > 0 (2, 1, 9, p) > 0 (4, 3, 5, p) > 0 (3, 1, 6, p) > 0
a(pν), ν ≡ 0 (mod 7) 0 0 0 0
a(pν), ν ≡ 1 (mod 7) 0 0 −1 1
a(pν), ν ≡ 2 (mod 7) 0 −1 1 0
a(pν), ν ≡ 3 (mod 7) 0 1 −1 0
a(pν), ν ≡ 4 (mod 7) 0 0 1 −1
a(pν), ν ≡ 5 (mod 7) 0 0 0 0
a(pν), ν ≡ 6 (mod 7) 0 0 0 0
.
It is interesting to examine the special case n = pν11 p
ν2
2 . . . p
νr
r with p1, . . . , pr ∈ S2. It can be shown
by induction that we have
(4.13) a(n) = δr6,0(−1)r1+r3+r5G(r3 + r2, r1 + r4),
where G(L,M) is given by
(4.14) G(L,M) =
L+M∑
j=−L−M
T (L,M, 2 + 7j)− T (L,M, 1 + 7j),
and the trinomial coefficient T (L,M, a) is defined by
(4.15)
L+⌈M/2⌉∑
a=−L−⌈M/2⌉
T (L,M, a)xa =
(x2 + x+ 1)L(x+ 1)M
xL+⌈M/2⌉
.
Analogous formulas can be derived when all the prime divisors of n are contained in a single Si for
1 ≤ i ≤ 5. The general formula is more involved and will be discussed elsewhere.
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5. Weight 1 eta-quotients of level 135, 648, 1024, 1872
5.1. Eta-Products of Level 135. Applying Theorem 2.1 with m = 9, s = 1 yields
(5.1)
B(54, 9, 1, q)−B(54, 45, 10, q)
2
=
B(1, 1, 34, q)−B(4, 3, 9, q)
2
= qE(q9)E(q15),
and m = 3, s = 2 gives
(5.2)
B(18, 3, 2, q)−B(18, 15, 5, q)
2
=
B(2, 1, 17, q)−B(5, 5, 8, q)
2
= q2E(q3)E(q45).
We have CL(−135) ∼= C6 and the reduced forms listed according to genus are
CL(−135) ∼= C6
(
p
5
) (
p
3
)
Principal Genus (1, 1, 34), (4, 3, 9), (4,−3, 9) +1 +1
Second Genus (5, 5, 8), (2, 1, 17), (2,−1, 17) −1 −1
.
In the above table, p is taken to be coprime to −135 and represented by the given genus.
With the aid of Table 1 with A = (2, 1, 17) and 〈A〉 ∼= C6, we find
A(q) :=
B(1, 1, 34, q)−B(4, 3, 9, q) +B(2, 1, 17, q)−B(5, 5, 8, q)
2
(5.3)
is multiplicative. Note that (5.3) is the sum of (5.1) and (5.2). Similar to the previous example,
we show (5.3) is an eigenform for all Hecke operators by examining the action of Tp on the forms of
discriminant −135.
We remark that both qE(q9)E(q15)±q2E(q3)E(q45) are eigenforms for all Tp, and that qE(q9)E(q15),
q2E(q3)E(q45) are related to the quadratic field Q(
√−15), as explained by Ko¨hler in [13, p.252].
Case 1:
(−135
p
)
= 1.
Table 9 gives the explicit action of Tp on the theta series associated with forms of discriminant
−135.
Table 9
B(a, b, c, q) (1, 1, 34, p) > 0 (4, 3, 9, p) > 0 (2, 1, 17, p) > 0 (5, 5, 8, p) > 0
B(1, 1, 34, q)
Tp−→ 2B(1, 1, 34, q) 2B(4, 3, 9, q) 2B(2, 1, 17, q) 2B(5, 5, 8, q)
B(4, 3, 9, q)
Tp−→ 2B(4, 3, 9, q) B(1, 1, 34, q) +B(4, 3, 9, q) B(2, 1, 17, q) +B(5, 5, 8, q) 2B(2, 1, 17, q)
B(2, 1, 17, q)
Tp−→ 2B(2, 1, 17, q) B(5, 5, 8, q) +B(2, 1, 17, q) B(1, 1, 34, q) +B(4, 3, 9, q) 2B(4, 3, 9, q)
B(5, 5, 8, q)
Tp−→ 2B(5, 5, 8, q) 2B(2, 1, 17, q) 2B(4, 3, 9, q) 2B(1, 1, 34, q)
.
We comment that Table 9 is consistent with the formulas of Hecke [12, p.794].
Using Table 9, we find the action of Tp on A(q):
Table 10
(1, 1, 34, p) > 0 (4, 3, 9, p) > 0 (2, 1, 17, p) > 0 (5, 5, 8, p) > 0
A(q)
Tp−→ 2A(q) −A(q) A(q) −2A(q)
.
Case 2:
(−135
p
)
= −1.
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A form (a, b, c) of discriminant −135 has (a, b, c, p) = 0 when
(
−135
p
)
= −1, and hence (5.3) is an
eigenform for such Tp with eigenvalue 0.
Case 3:
(−135
p
)
= 0.
The below tables give the explicit action of T3 and T5 on the theta series associated with forms of
discriminant −135.
Table 11
B(1, 1, 34, q)
T3−→ B(1, 1, 4, q3)
B(4, 3, 9, q)
T3−→ B(1, 1, 4, q3)
B(2, 1, 17, q)
T3−→ B(2, 1, 2, q3)
B(5, 5, 8, q)
T3−→ B(2, 1, 2, q3)
B(1, 1, 34, q)
T5−→ B(5, 5, 8, q)
B(4, 3, 9, q)
T5−→ B(2, 1, 17, q)
B(2, 1, 17, q)
T5−→ B(4, 3, 9, q)
B(5, 5, 8, q)
T5−→ B(1, 1, 34, q)
Using the above tables, we see that A(q) is an eigenform for T5 with eigenvalue −1, and an eigen-
form for T3 with eigenvalue 0.
We have shown (5.3) is an eigenform for all Hecke operators, and have found the corresponding eigen-
values.
We now state criteria to determine when (a, b, c, p) > 0 for a form of discriminant −135. We
examine the factorization of the Weber class polynomial W−135(x) = x6−x3− 1 modulo p. Following
the method of [8] and [21], we find that for a prime p with
(
−135
p
)
= 1, we have
(1) p is represented by the form (1, 1, 34) if and only if W−135(x) splits completely modulo p,
(2) p is represented by the form (4, 3, 9) if and only if W−135(x) factors into two irreducible cubic
polynomials modulo p,
(3) p is represented by the form (5, 5, 8) if and only if W−135(x) factors into three irreducible
quadratic polynomials modulo p,
(4) p is represented by the form (2, 1, 17) if and only if W−135(x) remains irreducible modulo p.
We define S1, S2, S3, S4 to be the set of primes p 6= 5 represented by (1, 1, 34), (5, 5, 8), (4, 3, 9),
(2, 1, 17), respectively. We also take S5 to be the set of primes p with
(
−135
p
)
= −1. Employing (1.20)
along with the previously computed eigenvalues, we obtain
(5.4) [qp
ν
]A(q) =


0 p = 3, ν > 0,
(−1)ν p = 5,
1 + ν p ∈ S1,
(−1)ν(1 + ν) p ∈ S2,
U(ν) p ∈ S3,
V (ν) p ∈ S4,
1+(−1)ν
2 p ∈ S5,
where
(5.5) U(n) :=
sin(2pi(n+ 1)/3)
sin(2pi/3)
,
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and
(5.6) V (n) :=
sin(pi(n+ 1)/3)
sin(pi/3)
.
The functions U(n) and V (n) are periodic and we tabulate their values in Table 12.
Table 12
n U(n) V (n)
n ≡ 0 (mod 6) 1 1
n ≡ 1 (mod 6) −1 1
n ≡ 2 (mod 6) 0 0
n ≡ 3 (mod 6) 1 −1
n ≡ 4 (mod 6) −1 −1
n ≡ 5 (mod 6) 0 0
.
Given a positive integer n we write
(5.7) n = 3a5b
∏
p1∈S1
p
ordp1(n)
1
∏
p2∈S2
p
ordp2(n)
2
∏
p3∈S3
p
ordp3(n)
3
∏
p4∈S4
p
ordp4(n)
4
∏
p5∈S5
p
ordp5(n)
5 ,
where a = ord3(n) and b = ord5(n). Given the factorization of n in (5.7), we employ (5.4) to find the
coefficient [qn]A(q) to be
(5.8) (−1)b+t · δa,0 ·
∏
p∈S1∪S2
(1 + ordp(n))
∏
p3∈S3
U(ordp3(n))
∏
p4∈S4
V (ordp4(n))
∏
p5∈S5
1 + (−1)ordp5 (n)
2
,
where t is the number of primes factors of n, counting multiplicity, that are contained in S2.
Similar to the previous example, we are able to rewrite (5.8) by exploiting the periodicity of
U(n), V (n). Define ri to be the number of primes p3 ∈ S3 such that ordp3(n) ≡ i (mod 3), and si to
be the number of primes p4 ∈ S4 such that ordp4(n) ≡ i (mod 6).
Given the factorization of n in (5.7) we have,
(5.9)
∏
p3∈S3
U(ordp3(n)) = δr2,0 · (−1)r1 ,
and
(5.10)
∏
p4∈S4
V (ordp4(n)) = δs2+s5,0 · (−1)s3+s4 .
We rewrite (5.8) as
(5.11) [qn]A(q) = (−1)b+t+r1+s3+s4 · δa+r2+s2+s5,0 ·
∏
p∈S1∪S2
(1 + ordp(n))
∏
p5∈S5
1 + (−1)ordp5(n)
2
.
(5.11) gives the Fourier coefficients of qE(q9)E(q15)+q2E(q3)E(q45). We note that [qn]qE(q9)E(q15) 6=
0 implies n ≡ 1 (mod 3), and [qn]q2E(q3)E(q45) 6= 0 implies n ≡ 2 (mod 3). Thus we can employ
congruences to extract the Fourier coefficients of each product from qE(q9)E(q15) + q2E(q3)E(q45).
We have
[qn]qE(q9)E(q15) =
{
[qn]A(q) n ≡ 1 (mod 3),
0 n ≡ 0, 2 (mod 3),
and
[qn]q2E(q3)E(q45) =
{
[qn]A(q) n ≡ 2 (mod 3),
0 n ≡ 0, 1 (mod 3).
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We can also write the Fourier coefficients of the products in the following form
(5.12) [qn]2qE(q9)E(q15) = (1 + (−1)b+t+s1+s3)[qn]A(q),
and
(5.13) [qn]2q2E(q3)E(q45) = (1− (−1)b+t+s1+s3)[qn]A(q).
5.2. Eta-Products of Level 648. Applying Theorem 2.4 with m = 1, s = 18 yields
(5.14) g(q) :=
B(1, 0, 162, q)−B(9, 6, 19, q)
2
= q
E2(q6)E(q9)E(q72)E2(q108)
E(q3)E(q12)E(q54)E(q216)
,
and m = 2, s = 9 gives
(5.15) h(q) :=
B(2, 0, 81, q)−B(11, 10, 17, q)
2
= q2
E(q9)E2(q12)E2(q54)E(q72)
E(q6)E(q24)E(q27)E(q108)
.
We remark that both g(q) and h(q) are cusp forms. We have CL(−648) ∼= C6 and the reduced forms
listed according to genus are
CL(−648) ∼= C6
(
p
3
) (−2
p
)
Principal Genus (1, 0, 162), (9, 6, 19), (9,−6, 19) +1 +1
Second Genus (2, 0, 81), (11, 10, 17), (11,−10, 17) −1 +1
.
In the above table, p is taken to be coprime to −648 and represented by the given genus.
Let
A(q) := g(q) + h(q) =
B(1, 0, 162, q)−B(9, 6, 19, q) + B(2, 0, 81, q)−B(11, 10, 17, q)
2
(5.16)
Similar to the previous examples, we show (5.16) is an eigenform for all Hecke operators by examining
the action of Tp on the forms of discriminant −648.
Case 1:
(−648
p
)
= 1.
Table 13 gives the explicit action of Tp on the theta series associated with forms of discriminant
−648.
Table 13
B(a, b, c, q) (1, 0, 162, p) > 0 (9, 6, 19, p) > 0 (2, 0, 81, p) > 0 (11, 10, 17, p) > 0
B(1, 0, 162, q)
Tp−→ 2B(1, 0, 162, q) 2B(9, 6, 19, q) 2B(2, 0, 81, q) 2B(11, 10, 17, q)
B(9, 6, 19, q)
Tp−→ 2B(9, 6, 19, q) B(1, 0, 162, q) +B(9, 6, 19, q) 2B(11, 10, 17, q) B(2, 0, 81, q) +B(11, 10, 17, q)
B(2, 0, 81, q)
Tp−→ 2B(2, 0, 81, q) 2B(11, 10, 17, q) 2B(1, 0, 162, q) 2B(9, 6, 19, q)
B(11, 10, 17, q)
Tp−→ 2B(11, 10, 17, q) B(11, 10, 17, q) +B(2, 0, 81, q) 2B(9, 6, 19, q) B(1, 0, 162, q) +B(9, 6, 19, q)
.
We comment that Table 13 is consistent with the formulas of Hecke.
Using Table 13, we find the action of Tp on A(q):
Table 14
(1, 0, 162, p) > 0 (9, 6, 19, p) > 0 (2, 0, 81, p) > 0 (11, 10, 17, p) > 0
A(q)
Tp−→ 2A(q) −A(q) 2A(q) −A(q)
.
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Case 2:
(−648
p
)
= −1.
A form (a, b, c) of discriminant −648 has (a, b, c, p) = 0 when
(
−648
p
)
= −1, and hence (5.16) is an
eigenform for such Tp with eigenvalue 0.
Case 3:
(−648
p
)
= 0.
The below tables give the explicit action of T2 and T3 on the theta series associated with forms of
discriminant −648.
Table 15
B(1, 0, 162, q)
T2−→ B(2, 0, 81, q)
B(9, 6, 19, q)
T2−→ B(11, 10, 17, q)
B(2, 0, 81, q)
T2−→ B(1, 0, 162, q)
B(11, 10, 17, q)
T2−→ B(9, 6, 19, q)
B(1, 0, 162, q)
T3−→ B(1, 0, 18, q3)
B(9, 6, 19, q)
T3−→ B(1, 0, 18, q3)
B(2, 0, 81, q)
T3−→ B(2, 0, 9, q3)
B(11, 10, 17, q)
T3−→ B(2, 0, 9, q3)
Using the above tables, we see that A(q) is an eigenform for T2 with eigenvalue 1, and an eigenform
for T3 with eigenvalue 0.
We have shown A(q) is an eigenform for all Hecke operators, and have found the corresponding eigen-
values. Lastly we note that the above tables also show g(q)− h(q) is an eigenform for all Tp.
We now state criteria to determine when (a, b, c, p) > 0 for a form of discriminant−648. We examine
the factorization of the Weber class polynomial W−648(x) = x6 − 7758x5 − 17217x4 − 25316x3 −
17217x2− 7758x+ 1 modulo p. Following the method of [8] and [21], we find that for a prime p with(
−648
p
)
= 1, we have
(1) p is represented by the form (1, 0, 162) if and only if W−648(x) splits completely modulo p,
(2) p is represented by the form (9, 6, 19) if and only if W−648(x) factors into two irreducible cubic
polynomials modulo p,
(3) p is represented by the form (2, 0, 81) if and only if W−648(x) factors into three irreducible
quadratic polynomials modulo p,
(4) p is represented by the form (11, 10, 17) if and only if W−648(x) remains irreducible modulo p.
We define S1 to be the set of primes p 6= 2 with (1, 0, 162, p)+ (2, 0, 81, p) > 0. Similarly, we let S2
be the set of primes p with (9, 6, 19, p) + (11, 10, 17, p) > 0. We also take S3 to be the set of primes p
with
(
−648
p
)
= −1. Employing (1.20) along with the previously computed eigenvalues, we obtain
(5.17) [qp
ν
]A(q) =


0 p = 3, ν > 0,
1 p = 2,
1 + ν p ∈ S1,
U(ν) p ∈ S2,
1+(−1)ν
2 p ∈ S3,
where
(5.18) U(n) :=
sin(2pi(n+ 1)/3)
sin(2pi/3)
.
22 ALEXANDER BERKOVICH AND FRANK PATANE
The function U(n) is discussed in 5.1, and the explicit values of U(n) can be found in Table 12.
Given a positive integer n we write
(5.19) n = 2a3b
∏
p1∈S1
p
ordp1(n)
1
∏
p2∈S2
p
ordp2(n)
2
∏
p3∈S3
p
ordp3(n)
3 ,
where a = ord2(n) and b = ord3(n). Given the factorization of n in (5.19), we employ (5.17) to find
the coefficient [qn]A(q) to be
(5.20) δb,0 ·
∏
p1∈S1
(1 + ordp1(n))
∏
p2∈S2
U(ordp2(n))
∏
p3∈S3
1 + (−1)ordp3 (n)
2
.
Define ri to be the number of primes p2 ∈ S2 such that ordp2(n) ≡ i (mod 3).
Given the factorization of n in (5.19) we have,
(5.21)
∏
p2∈S2
U(ordp2(n)) = δr2,0 · (−1)r1 ,
and we rewrite (5.20) as
(5.22) [qn]A(q) = (−1)r1 · δb+r2,0 ·
∏
p1∈S1
(1 + ordp1(n))
∏
p3∈S3
1 + (−1)ordp3(n)
2
.
Both (5.20) and(5.22) give a formula for the Fourier coefficients of A(q), and to extract the Fourier
coefficients of the cusp forms g(q) and h(q) we employ congruences. Note that [qn]g(q) 6= 0 implies
n ≡ 1 (mod 3), and [qn]h(q) 6= 0 implies n ≡ 2 (mod 3). We have
[qn]g(q) =
{
[qn]A(q) n ≡ 1 (mod 3),
0 n ≡ 0, 2 (mod 3),
and
[qn]h(q) =
{
[qn]A(q) n ≡ 2 (mod 3),
0 n ≡ 0, 1 (mod 3).
5.3. Eta-Quotients of Level 1024. Taking m = 1, k = 64 in Theorem 2.3 and m = 8, s = 5 in
Theorem 2.2 yields
(5.23)
B(1, 0, 256, q)−B(4, 4, 65, q)
2
= qψ(q8)φ(−q64),
and
(5.24)
B(5, 4, 52, q)−B(13, 4, 20, q)
2
= q5ψ(−q8)ψ(−q32).
We find CL(−1024) ∼= C8 and we list the reduced forms according to their genus
CL(−1024) ∼= C8
(
−1
p
) (
2
p
)
Principal Genus (1,0,256), (4,4,65), (16,8,17), (16,-8,17) +1 +1
Second Genus (5,4,52), (5,-4,52), (13,4,20), (13,-4,20) +1 −1
.
In the above table, p is taken to be odd so that it is coprime to −1024 = 210. Before moving on,
we remark that the eta-quotients qψ(q8)φ(−q64) and q5ψ(−q8)ψ(−q32) are considered in [13, p.232].
Using Table 1, we find
(5.25) A(q) :=
B(1, 0, 256, q)−B(4, 4, 65, q) +√2(B(5, 4, 52, q)−B(13, 4, 20, q))
2
,
to be multiplicative. The action of Tp on A(q) is given in Table 16 for primes p with
(
−1024
p
)
= 1.
If
(
−1024
p
)
= −1, then A(q) is an eigenform for Tp with eigenvalue 0. A(q) is an eigenform for T2
with eigenvalue 0.
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Table 16
(1, 0, 256, p) > 0 (4, 4, 65, p) > 0 (16, 8, 17, p) > 0 (5, 4, 52, p) > 0 (13, 4, 20, p) > 0
A(q)
Tp−→ 2A(q) −2A(q) 0 √2A(q) −√2A(q)
.
Using (1.20) with our computed eigenvalues, we find
(5.26) [pν ]A(q) =


0 p = 2, ν > 0,
1 + ν (1, 0, 256, p) > 0,
(−1)ν(1 + ν) (4, 4, 65, p) > 0,
U(ν) (5, 4, 52, p) > 0,
V (ν) (13, 4, 20, p) > 0,
(−1)
ν
2
(−1)ν+1
2 (16, 8, 17, p) > 0,
(−1)ν+1
2
(
−1024
p
)
= −1,
with
(5.27) U(n) :=
sin(pi(n+ 1)/4)
sin(pi/4)
,
and
(5.28) V (n) :=
sin(3pi(n+ 1)/4)
sin(3pi/4)
.
The functions U(n) and V (n) are periodic and we tabulate their values in Table 17.
Table 17
n U(n) V (n)
n ≡ 0 (mod 8) 1 1
n ≡ 1 (mod 8) √2 −√2
n ≡ 2 (mod 8) 1 1
n ≡ 3 (mod 8) 0 0
n ≡ 4 (mod 8) −1 −1
n ≡ 5 (mod 8) −√2 √2
n ≡ 6 (mod 8) −1 −1
n ≡ 7 (mod 8) 0 0
.
We mention that the Weber class polynomial for discriminant −1024 is
W−1024(x) :=x8 − 2363648x7 − 14141504x6− 33443840x5− 9272384x4
− 6554624x3 − 493568x2 − 278528x− 128.
The factorization pattern of W−1024(x) (mod p) does not distinguish between primes represented by
(5, 4, 52) and (13, 4, 20). As in previous examples, one can use the remainder criteria of [8] and [21]
to distinguish between primes that are represented by different forms of discriminant −1024.
Define S1 to be the set of primes p represented by (1, 0, 256) or (4, 4, 65). We also define S2, S3 to
be the set of primes p represented by (5, 4, 52), (13, 4, 20), respectively. Lastly, we let S4 be the set of
primes p with (16, 8, 17, p) > 0 or
(
−1024
p
)
= −1.
We find that the formula for [qn]A(q) is given by
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(5.29) (−1)t+ s2 · δa,0
∏
p1∈S1
(1 + ordp1(n))
∏
p2∈S2
U(ordp2(n))
∏
p3∈S3
V (ordp3(n))
∏
p4∈S4
(−1)ordp4 (n) + 1
2
,
where a = ord2(n), t is the number of primes factors p of n, counting multiplicity, that are represented
by (4, 4, 65), and s is the number of primes factors of n, counting multiplicity, that are represented by
(16, 8, 17).
As mentioned earlier, we are able to employ congruences to extract the coefficients of qψ(q8)φ(−q64)
and q5ψ(−q8)ψ(−q32) . We obtain
[qn]qψ(q8)φ(−q64) =
{
[qn]A(q) n ≡ 1 (mod 8),
0 otherwise,
and
[qn]q5ψ(−q8)ψ(−q32) =
{
[qn]A(q)/
√
2 n ≡ 5 (mod 8),
0 otherwise.
Given a positive integer n, we define ri to be the number of prime factors of n with p2 ∈ S2
such that ordp2(n) ≡ i (mod 8). Similarly, si is the number of prime factors of n with p3 ∈ S3 and
ordp3(n) ≡ i (mod 8).
With the notation of ri and si we have
(5.30)
∏
p2∈S2
U(ordp2(n)) = δr3+r7,0 · (−1)r4+r5+r6 · 2
r1+r5
2 ,
and
(5.31)
∏
p3∈S3
V (ordp3(n)) = δs3+s7,0 · (−1)s1+s4+s6 · 2
s1+s5
2 ,
where δi,j is 1 if i = j and 0 otherwise. Letting ki := ri + si for i = 1, 2, we obtain
(5.32)
∏
p2∈S2
U(ordp2(n))
∏
p3∈S3
V (ordp3(n)) = δk3+k7,0 · (−1)s1+r5+k4+k6 · 2
k1+k5
2
and
(5.33)
∏
p2∈S2
V (ordp2(n))
∏
p3∈S3
U(ordp3(n)) = δk3+k7,0 · (−1)r1+s5+k4+k6 · 2
k1+k5
2 .
Using (5.32) and (5.33) we reformulate (5.29) as
(5.34) [qn]A(q) = (−1)t+
s
2+s1+r5+k4+k6 ·δa+k3+k7,0 ·2
k1+k5
2
∏
p1∈S1
(1+ordp1(n))
∏
p4∈S4
(−1)ordp4(n) + 1
2
.
We obtain
(5.35) [qn]2qψ(q8)φ(−q64) = [qn]A(q)(1 + (−1)k1+k5),
(5.36) [qn]2
√
2q5ψ(−q8)ψ(−q32) = [qn]A(q)(1 − (−1)k1+k5),
thus the Fourier coefficients of 2qψ(q8)φ(−q64) are given by
(5.37)
(1+ (−1)k1+k5)(−1)b+t+ s2+s1+r5+k4+k6 · δa+k3+k7,0 · 2
k1+k5
2
∏
p1∈S1
(1+ordp1(n))
∏
p4∈S4
(−1)ordp4(n) + 1
2
.
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and the Fourier coefficients of 2
√
2q5ψ(−q8)ψ(−q32) are given by
(5.38)
(1− (−1)k1+k5)(−1)b+t+ s2+s1+r5+k4+k6 · δa+k3+k7,0 · 2
k1+k5
2
∏
p1∈S1
(1+ordp1(n))
∏
p4∈S4
(−1)ordp4(n) + 1
2
.
5.4. An Eta-Product of Level 1872. Applying Theorem 2.1 with m = 12 and s = 7, yields
(5.39)
B(72, 12, 7, q)−B(72, 60, 19, q)
2
=
B(7, 2, 67, q)−B(19, 16, 28, q)
2
= q7E(Q)E(Q13),
where we define Q := q12.
We have CL(−1872) ∼= C4 × C4 and
CL(−1872) ∼= C4 × C4
(
p
3
) (
p
13
) (−1
p
)
Principal Genus (1, 0, 468), (4, 0, 117),(9, 0, 52),(13, 0, 36) +1 +1 +1
Second Genus (7, 2, 67), (7,−2, 67), (19, 16, 28), (19,−16, 28) +1 −1 −1
Third Genus (8, 4, 59), (8,−4, 59), (11, 8, 44), (11,−8, 44) −1 −1 −1
Fourth Genus (9, 6, 53), (9,−6, 53), (17, 10, 29), (17,−10, 29) −1 +1 +1
.
In the above table, p is taken to be coprime to −1872 and represented by the given genus.
Using the bottom row of Table 1 with A = (7, 2, 67), B = (11, 8, 44) we find
(5.40) A(q) :=
B(1, 0, 468, q) +B(13, 0, 36, q)−B(4, 0, 117, q)−B(9, 0, 52, q)
2
+ 2q7E(Q)E(Q13)
is multiplicative.
Appropriately applying (1.12), (1.13), and (1.15) to
(5.41)
B(1, 0, 468, q) +B(13, 0, 36, q)−B(4, 0, 117, q)−B(9, 0, 52, q)
2
,
we see a wonderful cancellation that transforms (5.41) into
(5.42) q
[
φ(Q39)f(Q2, Q4) +Qφ(Q3)f(Q26, Q52)− 2Q5ψ(Q6)f(Q13, Q65)− 2Q10ψ(Q78)f(Q,Q5)] .
Since Q := q12, the Fourier expansion of (5.42) only contains terms with exponents congruent to
1 (mod 12). Similarly, the Fourier expansion of q7E(Q)E(Q13) only contains terms with exponents
congruent to 7 (mod 12). Hence congruences can be employed to extract coefficients of (5.39) from
the completion (5.40).
The expression (5.42) is also discussed in [13, p.181] where the eta product q7E(Q)E(Q13) is related
to the quadratic fields Q(
√−3),Q(√−13), and Q(√−39).
In [11], Gordon and Hughes consider the product q7E(Q)E(Q13), and introduce the function
(5.43)
h(q) = q
[
φ(−Q39)f(Q2, Q4) +Qφ(−Q3)f(Q26, Q52)−Q5ψ(Q6)f(Q13, Q65)−Q10ψ(Q78)f(Q,Q5)] .
One can verify h(q) + 2q7E(Q)E(Q13) is an eigenform for some, but not all Hecke operators. Indeed,
h(q) + 2q7E(Q)E(Q13) is not an eigenform for T7, T11, T17, among others. We note the striking simi-
larlity between (5.42) and h(q). We also comment that Gordon and Hughes were well aware that h(q)
was not an eigenform for all Tp, and did not make any erroneous claims regarding the action of Tp on
h(q).
The action of Tp on the forms of discriminant −1872 are omitted since the computations are
analogous to previous examples. The action of Tp on A(q) is given in Table 18 for primes p with(
p
3
)
=
(
−13
p
)
= 1. Note the property
(
p
3
)
=
(
−13
p
)
= 1 is equivalent to the prime p 6= 13 being
represented by the principal genus or second genus, according to the table of genera at the beginning
of this example.
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Table 18
(1, 0, 468, p) > 0 (4, 0, 117, p) > 0 (13, 0, 36, p) > 0 (9, 0, 52, p) > 0 (7, 2, 67, p) > 0 (19, 16, 28, p) > 0
A(q)
Tp−→ 2A(q) −2A(q) 2A(q) −2A(q) 2A(q) −2A(q)
.
.
For any prime p 6= 13 that does not have (p3) = (−13p ) = 1, we find A(q) is an eigenform under Tp
with eigenvalue 0. A(q) is an eigenform for T13 with eigenvalue 1. Hence A(q) is an eigenform for all
Hecke operators. Employing (1.20) we obtain
(5.44) [qp
ν
]A(q) =


0 p = 2, 3, ν > 0,
1 p = 13,
1 + ν p 6= 13, (1, 0, 468, p)+ (13, 0, 36, p) + (7, 2, 67, p) > 0,
(−1)ν(1 + ν) (4, 0, 117, p) + (9, 0, 52, p) + (19, 16, 28, p) > 0,
(−1) ν2 (−1)ν+12 −
(
p
3
)
=
(
−13
p
)
= 1,
(−1)ν+1
2
(
−1872
p
)
= −1,
Since |CL(−1872)| = 16, the associated Weber class polynomial, W−1872(x), is a degree 16 polyno-
mial. Explicitly,
W−1872(x) :=x16 − 8x15 + 24x14 − 34x13 + x12 + 246x11 − 1094x10 + 2574x9 − 4200x8 + 5608x7
− 5144x6 + 858x5 + 4189x4 − 5166x3 + 2814x2 − 750x+ 69.
Following [8] and [21], one can use the remainder criteria that we have seen in previous examples
to determine which primes are represented by a given form of discriminant −1872. The coefficients in
this criteria become rather large and so we omit the computations. We remark that the procedure is
completely analogous to previous examples.
Let S1 be the set of primes p with
(
p
3
)
=
(
−13
p
)
= 1. Employing (5.44) we obtain
(5.45) [qn]A(q) = (−1)t1+
s
2 · δord2(n)+ord3(n),0
∏
p1∈S1
(1 + ordp1(n))
∏
p2 /∈S1∪{2,3,13}
(−1)ordp2 (n) + 1
2
,
where n has t1 prime factors with (4, 0, 117, p)+ (9, 0, 52, p)+ (19, 16, 28, p) > 0, t2 prime factors with
(4, 0, 117, p) + (9, 0, 52, p) + (7, 2, 67, p) > 0, s prime factors with − (p3) = (−13p ) = 1, and the right
most product is taken over primes p2 /∈ S1∪{2, 3, 13}. All prime factors are counted with multiplicity,
and similar to the previous example, s odd implies (5.45) vanish.
As mentioned earlier, we can write the Fourier coefficients of q7E(Q)E(Q13) by employing congru-
ences. We have
[qn]q7E(Q)E(Q13) =
{
[qn]A(q)
2 n ≡ 7 (mod 12),
0 otherwise.
We arrive at the formula
(5.46) (1−(−1)
t1+t2 )
4 (−1)t1+
s
2 · δord2(n)+ord3(n),0
∏
p1∈S1
(1 + ordp1(n))
∏
p2 /∈S1∪{2,3,13}
(−1)ordp2 (n) + 1
2
for the Fourier coefficient [qn]q7E(Q)E(Q13).
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6. Concluding Remarks
We note that the eta-product of level 71, discussed in section 4, has many similarities with the
eta-product of level 47, discussed in section 3, and also with the eta-product of level 23 which has
been previously discussed [4]. In the future we hope to continue the discussion of the eta-products
q
p+1
24 E(q)E(qp) of level p ≡ −1 (mod 24) where p is prime.
We lastly comment that the authors purposefully did not include any examples which are associated
with a class group isomorphic to C4 × Cr2 , with 0 ≤ r ≤ 4. Much more can be said for these types of
examples, and the authors hope to discuss these examples in a separate paper.
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